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Abstract

Geometric modelling is central to many applications. Representation schemes that are specialized for a
particular application may impose topological and geometric limitations on the domain and thus consid-
erably restrict future extensions. Selective Geometric Complexes (SGCs) provide a practical yet general
framework for representing general objects of mixed dimensionality having internal structures and in-
complete boundaries. SGCs and their decomposition into regions (i.e., features of interests for a particular
applications) may be specified and edited in terms of Constructive Non-Regularized Geometry (CNRG)
trees, which define how primitive shapes should be combined through a variety of set-theoretic and
topological operators. CNRG operators preserve the structure imposed by their arguments on the under-
lying set. The combination of CNRG specification and of SGC representation and the associated
conversion/evaluation algorithms provide a generalized environment for non-manifold modeling in any
dimension. These notes focus on the topological concepts, on the representation and specification schemes,
and on the associated algorithms for non-manifold structures, independently of any particular geometric
domain (i.e., restriction on the shapes or surfaces) and of the dimension of the underlying space.
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1.0 FORWARD

Computerized models of three-dimensional shapes are central to many applications: manufacturing,
geoscience, entertainment, architecture, and medicine are obvious examples. Natural or man-made shapes
may be modeled electronically in a variety of ways and with different degrees of accuracy. The choice
of a particular modeling scheme and of the associated data-structures often depends on the data acquisition
process, on requirements imposed by the application, and of course on the skills, number, ambitions, and
preoccupations of the developers.

Four types of representations interplay in many geometric modeling scenarios.

In Computer-Aided Design systems, an intentional model may be used to capture, in an unevaluated form,
some of the functional requirements of a product or the designer's intent. One may use a procedural model
(programming language, Constructive Solid Geometry, or more general creation history graphs which in-
clude Boolean, blending, and deformation operators) or a declarative form (geometric constraints, shape
grammars, construction rules). Such models may in general be easily edited or parameterized.

Real or computed shapes may be captured in a sample model derived from physical measurements (seis-
mic data, slices of a medical scan, depth maps from a range finder) or from the results of humeric simu-
lations. Sample models provide shape information only over a set of discrete sample points placed either
on the surfaces of the model or distributed in space. Shape between the samples is not well defined and
various algorithmic techniques have been proposed to construct continuous interpolations between samples
and to decide which neighboring samples should be used for evaluating a given point.

A continuous extensional (i.e. evaluated) model is typically derived algorithmically from an intentional
model, a sample model, or both. For example, an operator may design a multi-surface object using crude
approximations for each surface and subsequently force each surface to pass through or near a set of
sample points measured off a real object or computed via numeric optimization. Most representation
schemes for extensional models are enumerative in nature. The most popular representations are dimen-
sionally homogeneous partition of space (voxels, octrees, 3D meshes, BSP trees) or recursive boundary
formulations (BReps), where volumes are defined in terms of their bounding faces and where faces are
defined in terms of their supporting surfaces and bounding edges.

An abstraction model provides mechanisms for selecting, identifying, or iconifying those subsets of the
extensional model's interior or boundary that are appropriate for a particular operation or relevant to a
particular annotation. Typical examples include surface features for machining, entities used in the defi-
nition of geometric constraints stored in intentional models, or tumors in a segmented 3D medical dataset.
Abstraction models may impose an internal structure on the point set of the model.

This lecture focuses on the extension of traditional intentional models (Constructive Solid Geometry) and
continuous extensional models (Boundary Representations) to arbitrary topological domains and to
pointsets with internal structure. The theoretical underpinnings supporting these extensions are independ-
ent of the particular choice of a representation for the individual geometric entities, and hence of the ge-
ometric coverage of the modeler. The algorithms developed for constructing and for processing such
representation assume however the reliable support of a small set of geometric queries, such as the inter-
section and ordering of geometric entities.
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2.0 INTRODUCTION

The primary schemes for representing three-dimensional geometric objects may be grouped into three
broad categories: constructive, boundary, and enumerative representations. By storing a recipe (process)
for creating a model from primitive entities and operations, constructive representations capture the de-
signers' intent and provide a powerful design model that is easy to edit and to parameterize. Enumerative
representations represent or approximate the desired regions as a collection of primitive entities that are
simpler to represent. Enumerative schemes may require that the primitives be mutually disjoint (or at least
that their relative interiors be disjoint) and often restrict the primitives to be regularly spaced. Most
popular schemes use cubical cells (called voxels), parallelepipeds of uniform cross-section (Ray repres-
entations [12]), or constant-thickness slices (cross-sections). These representations may be constructed
directly from physical measures or from simulation results or evaluated from other representations. Al-
though often approximate, they have recently gained popularity, because their simplicity is well suited for
parallel hardware implementation (see papers in [20]). Boundary representations exploit the fact that a
simple enumeration of the bounding (hyper)faces of a bounded region suffices to unambiguously distin-
guish it from its complement. Most boundary models, however, store additional connectivity information
between the geometric boundary elements (vertices, edges, and faces) and exploit it to speed up the
boundary traversal parts of fundamental algorithms that build the model from a constructive represen-
tation, display it, or extract its topological or geometric properties.

Practitioners often distinguish between the topology and the geometry of a model. While a geometric
representation captures the precise shape of each face, or curve of an object, a topological representation
focuses on properties that are invariant under continuous deformations, i.e. that are independent of the
precise shape of the geometric components. This lecture notes address precise representations of contin-
uous three-dimensional geometric models, because these are important for precise design, visualization,
and analysis. Therefore we focus primarily on the topological, representational, and computational aspects
of constructive and boundary representation that are independent of any particular geometric domain (i.e.
of the nature of the surfaces represented or even of the dimensionality of the problem). Enumerative re-
presentations are addressed elsewhere in this course.

Geometric modelling is central to many design, simulation, visualization, analysis, and manufacturing
applications. Different applications deal with different geometric and topological entities and thus require
different geometric and topological coverages. The geometric coverage of a modeler is characterized by
the nature of the geometric entities (such as points, curves, surfaces) it supports and by the ways in which
these entities may be created, combined, and manipulated. Topological limitations of a modeler are more
subtle to assess. For example, the solid modeling technology is based on a precise definition of solids
leading to a complete and unambiguous representation that permits to distinguish between the interior, the
boundary, and the exterior of the represented solid [29]. This definition played an essential role in the
development of correct algorithms for Boolean operations on solids [30], but has somewhat confined the
domain of applications. Indeed, until recently, solid modelers did not explicitly support internal structures
nor lower-dimensional (dangling) entities. Surfaces have been extensively used for car body design and
are required for representing regions of contacts between solids. Interior faces are used to decompose
solids into finite elements or into subsets exhibiting different physical properties. They may also represent
cracks in three dimensional sets. Curves may be used as design aides. Although solids, curves, and sur-
faces can be grouped (overlayed) in the same model and moved or displayed together as a single entity,
Boolean and other operations on such groupings have not been implemented, nor even formally defined.

Selective Geometric Complexes (abbreviated SGC) introduced by Rossignac and O'Connor [33] provide
a common framework for representing objects of mixed dimensionality possibly having internal structures
and incomplete boundaries. SGCs are composed of finite collections of mutually disjoint cells. A cell is
an open connected subset of some n-dimensional manifold. The concept of a cell generalizes the concepts
of edges, faces, and vertices used in most solid modelers. The connectivity between the cells of an SGC
is captured in a very simple incidence graph, whose links indicate boundary-of relations between cells.
By choosing which cells of an object are active one can associate various pointsets with a single collection
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of cells. These pointsets need not be homogeneous in dimension, nor even be closed or bounded. Although
most geometric manipulations that are necessary to support SGCs (at least in three dimensions) are
available in many existing geometric modellers, data structures and high-level operations provided with
these modellers are not designed to represent and process such complex objects. Therefore, to support
useful operations on SGCs, Boolean and other set-theoretic operations (closure, interior, boundary) have
been decomposed into combinations of three fundamental steps for which we have developed
dimension-independent algorithms: a subdivision step, which makes two objects compatible by subdivid-
ing the cells of each object at their intersections with cells of the other object, a selection step, which
defines active cells, and a simplification step, which, by deleting or merging certain cells, reduces the
complexity of an object's representation without changing the represented pointset and without destroying
useful structural information. Furthermore, combinations of these steps may produce a variety of special-
purpose operations, whose effect is controlled by simple predicates, or filters, for cell selection.

Solids may be conveniently specified in CSG (Constructive Solid Geometry) by a construction tree that
has solid primitives as leaves and rigid body motions or regularized Boolean operations as internal nodes.
Algorithms for classifying sets with respect to CSG trees and for evaluating the boundaries of the corre-
sponding solids are known, at least for simple geometric domains. Emerging CAD applications require
that we extend the CSG simplification to support more general and more structured geometric objects.
The concept of a Constructive Non-Regularized Geometry (abbreviated CNRG) was introduced by
Rossignac and Requicha [34] to support a convenient specification of dimensionally non-homogeneous,
non-closed pointsets with internal structures. These cover non-manifold structures possibly composed of
several mixed-dimensional regions with dangling or missing boundary elements. CNRG trees extend the
domain of CSG by supporting non-regularized primitive shapes as leaves and by providing more general
set-theoretic and topological operators at interior nodes. Filtering operations construct CNRG objects from
aggregates of selected regions of other CNRG objects. The resulting structures may be evaluated and re-
presented in terms of SGC, where references to individual cells are grouped into CNRG regions.

The combination of CNRG specification and of SGC representation and the associated

conversion/evaluation algorithms provide a generalized environment for non-manifold modeling in any

dimension. However, most of the concepts are introduced using two or three dimensional instantiations
for sake of clarity.

These notes are organized as follows. Section 2 introduces the concepts of topological domains and
representation validity through the case study of 2-D polygons. It argues that the correct rephrasing of
the question “What is a valid polygon?” leads to a precise definition of a polygon and to a natural
canonical representation scheme. Section 3 introduces the fundamental concepts of non-manifold mod-
eling and the diversity of topological domains that fall under this imprecise denomination. The discussion
starts with an introduction of a decomposition of space into a collection of disjoint cells induced by a given
set of primitives (for example, surfaces and curves). Then it discusses the identification of particular cell
in such a decomposition. A variety of topological domains may be obtained by restricting which cells
of a decompositions should be active (i.e. contributing to the pointset). Section 4 reviews boundary
modeling schemes. It introduces the fundamental entities and the topological and ordering relations be-
tween these entities. It overviews several popular data structures, including SGCs. Section 5 reviews the
main CNRG concepts and the semantics of CNRG operators for specifying and computing non-manifold
sets with structures. The appendix contains a short (informal) review of the topological concepts used
elsewhere in these notes.

3.0 WHAT IS A VALID POLYGON?

The naive question: “What is a valid polygon?” should lead to a mathematical definition of validity for
polygonal representations accepted, processed, or produced by a particular application or algorithm. Nu-
merous definitions have been published in research papers or user manuals. The reader may be puzzled
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by the diversity of such definitions and struggle when asked to establish if two definitions are equivalent,
if a particular definition is complete, or even if a specific case satisfies a particular definition.

It is helpful to decompose this questions as follows:

1. “What is a polygon?”

2. “What representation scheme (abstract data structure) are we using?”

3. “How do we semantically interpret the representation (for example when testing whether a point lies
inside the represented polygon?”

4. “When is a model expressed using that representation scheme valid (i.e., corresponds to a polygon
according to the chosen definition)?”

For the sake of elegance, we propose here a definition that is restrictive, but leads naturally to a simple
and canonical (i.e. unique) representation scheme.

A polygon is a connected and bounded s-regular subset ldving for boundary a finite union of mu-
tually disjoint cells. Cells are eitharossings: (i.e., non-manifold points)yertices: (i.e. non-smooth
manifold points), oredges:(i.e., relatively open connected line segments free of crossings).

A set is s-regular if it is equal to the interior of its closure. Such a set is open and thus does not contain
its boundary (i.e. its edges, vertices, or crossings).

According to this definition the following statements hold.
A polygon is open (does not contain its boundary) and connected. It may have holes but no islands.
A polygon has no dangling edges, isolated vertices, interior cracks or missing points.

The boundary of a polygon needs not be manifold. Its vertices, crossings, and edges of a polygon are
pairwise disjoint. The vertices, crossings, and edges of any given polygon are always unambiguously
defined.

Each edge of a polygon separates the inside of the polygon from the outside. The orientation of each edge
(following the convention that the inside is on the left) is thus well defined. Each edge is incident on
exactly two points (vertices or crossings) and its orientation defines which is the start point and which is
the end point.

Each vertex is the start point of exactly one edge and the end point of exactly one other edge. Each
crossing has 2k (k positive integer) edges incident on it. It is the start point of exactly k of these.

The successor of an edge E having vertex V as its end point is defined as the only edge having V as its
start point. The successor of an edge E having crossing C as its end point is defined as the first edge that
has C as its start point as we circle C clockwise in its immediate vicinity starting from E. The successor
of an edge is uniquely defined

A loop is defined as a maximally connected subset of the boundary of a polygon. The loops of a polygon
are uniquely defined and pairwise disjoint.

Each edge and each vertex or crossing belong to exactly one loop. The successor of an edge belongs to
the same loop.

The successor operator (which returns the successor of the argument edge) induces a unique cyclic or-
dering for all the edges in a loop.

Edges may be uniquely defined by the references to their start and end points. Since the end point of an
edge is equal to the start point of its successor, one reference per edge in a loop suffices for defining the

WHAT IS A VALID POLYGON? 4



Siggraph 96 course: Computational Representations of Geometry

edges. Thus, a loop is completely represented by an ordered circular list of references to the start points
of its edges

Each loop has at least 3 references to different points. The starting points of two consecutive edges in a
loop are always different (i.e. consecutive point-references in a loop must be different).

These properties lead to a simple and canonical representation:

A polygon may be represented by the set of its points (vertices and crossings) and the set of its loops.
Each point is represented by its coordinates. Each loop is represented by a circularly ordered list of ref-
erences to its points.

Note that given any polygon (i.e. a pointset that meets the proposed definition), its representation in the

above scheme (data structure) is unique. (We do not take into account the possible permutations and
various representations for sets and list, which can be addresses by imposing the appropriate lexicographic
orderings.) For processing convenience, one could also require that the outer loop (which is also always

well defined in the plane and the holes (all other loops) be explicitly identified in the data structure.

The opposite assumption is unfortunately not true. A dataset organized in the above data-structure (sets
of points and loops) does not necessarily correspond to a valid polygon. Validity violations may be of
different nature: geometric, ordering, or topological. Geometric violations correspond to the wrong choice
of point coordinates (for example, a point may coincide with another point or with an edge, or two edges
may intersect). Ordering violations may simply correspond to the wrong orientation of the edges in a loop
or to the wrong branch taken at a crossing (inconsistent with the definition of a successor). Topological
violations may correspond to empty edges (two consecutive references to the same point), to degenerate
loops (less than three point references), or to loops with non-manifold parts (for example, the multiple
use of an edge).

Imposing additional constraints on the representation further restricts the set of representable polygons.
For example, if each vertex is used only once in a loop, the polygon has a manifold boundary. If the
polygon has a single loop, it is simply connected.

A number of other schemes for representing polygons are popular in CAD and graphics systems. They
include:

»  Decompositions into simpler disjoint regions (triangles, trapezoids)
« CSG or BSP trees,
»  Possibly overlapping trimming loops

These do not easily lead to canonical representations.

4.0 TOPOLOGICAL BACKGROUND

Any set of geometric primitives may be used to impose a decomposition of the underlying three-
dimensional Euclidean space into cells of an SGC structure from which one can select a subset of interest
(the “active” cells). We describe here informally several ways of defining such a decompositions.

A single primitive decomposes space into three disjoint parts:

»  the primitive's interior
» its boundary
» the interior of its complement

These sets may be recursively decomposed into dimensionally homogeneous subsets (i.e. fully three-
dimensional volumes, isolated points, dangling curves, and dangling faces). From each subset, one may
extract singular points (cusps and self-crossings where some geometric continuity or topological manifold
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properties of the supporting geometry vanish) and boundary points (vertices bounding edge segments and
edges bounding dangling faces). The sets of singular points may be further (recursively) decomposed in
this manner into singularity-free, dimensionally homogeneous sets. Finally, the maximally connected
components. of this decomposition may be identified. For example, a cone primitive may decompose
space into: the complement of the cone, the three-dimensional interior of the cone, the circular edge at the
base, the disk-like base-face (without its bounding circular edge), the apex (tip of the cone), and the
conical face (without the bounding edge nor the apex).

The atomic entities defined by this decomposition process correspond to the cells of a geometric complex.
They are connected relatively open subsets of some n-dimensional manifold (the 3-D space or a smooth
portion of a surface or of a curve). Any two different cells of such a decomposition are mutually disjoint.
The boundary of the set of a cell C lying in a manifold M is the union of other cells in the decomposition,
which are either entirely in the manifold M, or entirely out if it. For example the boundary of the conical
face of a cone primitive is composed of a circular curve (part of the manifold surface supporting the face)
and of the apex (singular point, not in the manifold supporting the face).

When several primitives overlap, the space decompositions induced by each primitive must be combined
into a single (finer) decomposition. An algorithm for performing such a merging operation is called
subdivision (or refinement) and is outlined in [33]. It basically requires that intersections of each cell of
one decomposition with each other cell of each other decomposition be computed and further decomposed
into dimensionally homogeneous singularity-free connected components.

The space partition induced by a set of planes is a simple example of decomposition. It cells are: points
where three or more planes cross, relatively open (and possibly unbounded) line segments where two or
more planes cross, relatively open convex polygonal faces induced on each plane by all other non-
coincident planes, and the open convex polyhedra (maximally connected components of the complement
of the union of all the planes).

4.1 Identifiable sets of cells

A set of primitives used to induce a decomposition of space provides the means for characterizing specific
subsets of these cells. Any cell of such a linear partition may be expressed using a Boolean formula which
combines the half-spaces bounded by the original planes and involves only set theoretic intersection and
complement operators. Yet, the characterization of the union of several cells may be more conveniently
expressed in terms of a filter operator. The filters may use the geometric or topological properties of a
cell's set or the relation of a cell to any particular primitive. Filters may be categorized as follows.

+  Boolean combinations of primitives half-spaces through set theoretic union, intersection, difference,
and complement operators are the most popular filters.

- Dimensionality, adjacency, and incidence may also be used for discriminating cells. For example,
given a sphere and its center point, the complement of the sphere may be characterized (among many
other ways) as the only 3-cell that is not adjacent to a O-cell.

- Topological operators, such as relative closure, interior, boundary, may be applied to sets of cells and
are unambiguously defined in terms of the union of the point-sets represented by the cells [34].

«  Geometric filters, which for example extract the one-dimensional singularities, are also important.

These filters and operators may be composed into expressions that may uniquely identify specific sets of
cells. However, they may be insufficient for differentiating between specific pairs of cells: the connected
components of the result of filtering expressions. A simple example is an infinite line subdivided by a
point. It is impossible to distinguish the two half-lines using only combinations of the above operators.
The orientation notions discussed in the next section may help in some cases, but the problem remains
unsolved in general, and leads to serious complications for picking faces and defining features in
parametric models.
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Note that arbitrary subsets of the cells of a decomposition do not necessarily correspond to a geometric
complex (the boundaries of some cells may be missing). Therefore, to represent the result of a selection
(filtering) process, one should construct a Selective Geometric Complex that includes not only the selected
cells, but also all the cells in the closure of the desired set. The added boundary cells will simply be in-

active.

Since the above decomposition process often introduces unnecessary subdivisions of the desired set, it
may be desirable to simplify the representation, i.e. to produce a simpler SGC representing the same set.
A systematic simplification process which preserves the validity of the SGC is described in [33]. The
simplification process visits each cell only once (by order of decreasing dimensionality) and applies, if
appropriate, one of the following three operations: (1) remove inactive cells that are not bounding other
active cells, (2) remove active cells that separate two active cells in the same manifold and are not
bounding any other cell, and (3) remove active cells that are interior boundaries of only one active cell.
The simplification of [33] provides the means of generating a unique SGC for a given set. That is, if two
SGCs, A and B, represent the same sets, their simplifications will be identical SGCs.

4.2 Topological characterization

Developers of geometric modeling systems have often restricted the topological domains in various ways.
We characterize such restrictions using topological concepts, regardless of the geometric domain or as-
sociated data structures, which are discussed in the following section. The characterization is based on the
topological properties of the sets (or collections of sets) that can be represented. We use 2-D terminology
to and examples illustrate the differences.

+  R-set with manifold boundary: Each vertex is adjacent to exactly two edges.

+ R-set with non-manifold boundary: A vertex may bound more than two edges, but the set is equal
to the closure of its interior. (Note that regions whose interior are disjoint may share common
vertices, but not common edges.)

+  S-sets: Open-regularized regions composed of open subsets that are disjoint, but whose boundaries
need not be disjoint. Edges bounding two subsets are called “interior”. However, each region is equal
to the interior of its closure (i.e. does not contain dangling edges nor cracks).

» Non-regular open sets: Extensions of s-sets that may contain non-separating interior boundary ele-
ments, but no dangling lower dimensional entities.

» Inhomogeneous closed sets: Extensions of r-sets with non-manifold to possibly include dangling
edges or isolated vertices.

»  One-dimensional non-manifold set: Union of edges and vertices that may separate its complement
into more than two connected cells. (Such sets are typically called “non-manifold boundaries”, al-
though there does not necessarily exist a bounded and closed or open 2-D region having such a set
for boundary.)

« Partially closed sets: Extensions of non-regular open sets to include subsets of their boundaries.

» Disconnected non-regularized set: Extensions of partially closed sets to include dangling edges and
vertices. Interior edges are not part of the set.

+  Closed non-manifold structures: Subdivisions of closed non-manifold sets into distinguishable sub-
sets. (The boundary of each cell is included in the set.)

»  Selective Geometric Complex: Combinations of closed non-manifold structures and disconnected
regularized sets. (Interior edges need not be in the set.)) SGCs are collections of disjoint relatively
open cells—here, 2-cells, edges, and vertices.

Another important characterization addresses restrictions that force the decomposition of natural
topological entities into collections of simpler ones. SGCs require that each cell be connected. Thus, the
volumes, faces, and edges of a model represented as an SGC must be broken into connected components,
each represented by a separate cell.

Restrictions on faces imposed by representations inspired by CW-complexes require that faces with holes

be artificially converted into simply connected faces by adding “bridges” (i.e. pairs of edges with opposite
orientations that join loops) to merge the various loops into a single loop. Similarly, closed curves and
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surfaces that are not homeomorphic to a disk (2-ball) must be artificially split by adding “cuts” (i.e.
vertices or edges). Faces are often assumed to be regular (i.e. equal to the interior of their closure). Such
a restriction avoids internal face-boundaries, but makes it impossible to represent correctly certain non-
manifold r-sets. Restrictions on the face-bounding loops may require that loops be mutually disjoint and
1-manifold. They also lead to serious limitations.

5.0 BOUNDARY REPRESENTATION SCHEMES

We briefly review in this section the most popular data structures for boundary models. A more detailed
analysis may be found in [1, 4, 22, 31, 32, 39].

5.1 Fundamental entities

Schemes discussed here use standard data structures, such as a doubly linked list, to stpravietg of
entities corresponding to cells and organized by dimension (list of vertices, lists of edges...). The ge-
ometric information describing the supporting manifolds, such as the equation of a surface that supports
a face or of a curve that supports an edge, are accessible from these primary entities.

Grouping entities (such as loops, shells, vertex cones) are sometimes introduced for grouping and or-

dering primary entities. These grouping entities improve the performance of application algorithms by

facilitating the traversal of the cells. For example, certain commands in standard graphics libraries require
that polygonal faces be represented a sorted list of vertices along a single loop.

Incidence entitiesare also used to combine incidence and ordering information in a more compact and
regular data structure. Incidence entities are associations of two or three cells of consecutive dimension
and having an incidence relation. For example, loops of edges may be represented by associating with
each edge-face pair a “next edge” pointer. Because an edge is bounding two faces in manifold models,
such a combined entity is sometimes referred to as “half-edge”.

5.2 Incidence orientation and neighborhoods

A great circle splits a spherical surface into two 2-cells (the two connected components of the difference
between the sphere and the curve). Givemrentation of the circular curve and an orientation of the
“outer” normal to the surface, we can defin8ledt” and a‘right” side to the curve within the surface.

Each one of the 2-cells (faces) is adjacent to a different side of the curve. Such a relative orientation is
often used to dissociate connected components of a decomposition. We can for example speak of the face
that lies “on the left” of the circle (provided that the orientations of the curve and surface are well defined).
The relative orientation between a (k+1)-cell (for example a face) and one of its bounding a k-cells (for
example a curve) is called reeighborhood in [33] and takes three possible values: “left”, “right”, or
“both”. The latter value is used for internal boundaries, such as a small disk inside a large ball or a
bridge-edge connecting two loops of a face. If the face-edge neighborhood between a face F and an edge
E is “left” we will say that “F is incident on E from the left”.

When the boundary cell is not in the manifold containing the higher-dimensional cell, the orientation of
the manifold cannot be used to define a relative left and right orientation, and it may not always be pos-
sible to define a neighborhood. For instance, consider a self-intersecting surface that exhibits a singular
edge where four branches of the surface meet. There is no easily defined “left” of the edge, even if the
curve supporting the edge is oriented and if the surface is oriented everywhere except at the self-
intersection edge.

Branch numbers could be used to distinguish the surface branches in the neighborhood of the edge. The
branches may be defined as the connected components of the portion of the surface (without the self-
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intersection curve) that lies inside a sufficiently small tube along the edge. However, the identification
of these branches may prove extremely difficult, even for implicit surfaces.

5.3 Circular ordering of incident geometries

Several types of topological ordering relations may be established between cells.

Points on a curve are implicitly ordered by the orientation of the curve. For closed curves, this ordering
is cyclic, unless an artificial singularity is introduced (for example the starting and ending point of a
parameterization of the curve or a vertex), which permits to treat closed curves as if they were open. (Here
the terms “closed” and “open” are not used with the topological meaning defined above, but simply to
distinguish curves that form a “closed” loop from curves that do not.) By extension, such an ordering is
used for the vertices and edges in a loop bounding a face. A loop is a alternating succession of edges
and vertices. The ordering may in fact be used to represent the loop, especially for polyhedral models,
where the edges are implicitly defined in terms of their end-vertices.

In the plane or on a manifold surface, edges may be ordered around their common vertex. To be more
precise, when the vertex is the starting and ending point of the same edge, the two branches of the edge
leaving the vertex appear as distinct entries in the ordering

Consider a sufficiently small circle around the vertex and assume that each edge lies on an oriented curve.
We can induce an ordering of the curves around their common vertex by storing the cyclic sequence in
which the small circle cuts the curves and, for each curve entry in this sequence, storing a binary flag
indicating whether the curve was oriented left-to-right or right-to-left, as seen by an observer traveling
on the circle. (The terms left and right may be precisely defined by an orientation of the supporting
manifold surface. The circle must be sufficiently small such that there is only one point of contact between
the curves in the disc enclosed by the circle.)

The geometric calculations involved in the computation of this ordering may prove very complex and
numerically instable. For instance, ordering conic sections around a common point may require computing
higher order derivatives, because tangent and curvature values at the contact point are insufficient. (An
ellipse and a circle may be tangent to each other and exhibit the same curvature at the contact point.)

The order of faces around an edge, sometimes used to established what is called the “edge neighborhood
is very similar in nature to the order of edges around a vertex. However, the ordering of surfaces around
a common intersection curve may change as one travels along the curve. The points where such an or-
dering changes correspond to zero-dimensional singularities which split the curve into cells (edges) of
constant surface-ordering. Except for simple geometries, such as planar surfaces, the numeric computation
of the ordering of surface branches around an edge-cell is far more delicate than ordering edges around
a vertex.

5.4 Inclusion ordering

A sets of lower-dimensional cells may separate a manifold into two components. For exaoqggpeofa

edges and vertices may separate a plane into two parts (the interior and the exterior). Sirsitally, a

of faces, edges, and vertices may separate the Euclidean 3-space into an interior and and exterior parts.
Finally, avertex coneof faces and edges may separate the neighborhood of a vertex into two parts. (The
neighborhood of a vertex may be viewed as a sufficiently small ball around the vertex, not including the
vertex itself.)

A set of nested loops separates a surface into several faces (connected open cells). Each one of these faces
is incident on one or more loops and each loop separates exactly two adjacent faces incident upon the loop.
A face-adjacency graphwhose nodes correspond to faces and whose arcs correspond to loops separating
adjacent faces is sufficient for capturing the nesting. When the graph is acyclic (i.e. when loops are
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mutually disjoint), the graph may be represented fce-adjacency treeby simply picking a root face
and by propagating arc orientations away from the root.

In the plane, when loops are bounded, each loop separates the plane into a bounded interior and an un-
bounded exterior. The loops may then be ordered by saying that a loop A lies inside a loop B if A is
contained in the interior side of B. The ordering may be capturedoopanesting treehaving the outer

loop as root (i.e. the loop that is not contained inside any other loop). Nodes of the nesting tree are loops.
The children of a loop L are all the other loops bounding the interior face of L. The nesting tree may be
directly derived from the face-adjacency tree when the root face has only one bounding loop.

On a closed surface (a sphere for example), there is no a priori outer loop and in fact any face may be
chosen as the root, yielding a different tree each time. It is thus preferable to use the face adjacency graph
for capturing the acyclic nature of the partial ordering of loops.

Sets of shells and sets of vertex cones may be ordered in the same way as loops by replacing the nodes
of the face adjacency graph by volume nodes that refer to 3-D cells (for ordering shells) or by solid cones
of a vertex neighborhood (for ordering vertex cones).

Lower-dimensional elements (isolated vertices in the boundary of a face; dangling faces, edges, or vertices
in the boundary of a volume; and dangling edges emanating from a vertex) may also be ordered using the
face adjacency graph, the solid adjacency graph, or the vertex cone adjacency graph.

Note that since the connected components of a surface may be represented as genuine cells, the corre-
sponding face adjacency graph is readily imbedded in the more general face-edge-vertex incidence graph,
as discussed in the next section. Similarly, the shell nesting is directly available from the general
volume-face-edge-vertex incidence graph. On the other hand, the vertex-cone nesting is not explicitly
stored in a general adjacency graph since there may not be a unique cell corresponding to each vertex-
cone.

5.5 Notation

We use the symbols V, E, F, and R to denote the (vertex, edge, face, and solid region) types of primary
entity nodes in the incidence graph. The additional grouping entities for loops and shells are denoted L
and S. Incidence types will be written using the concatenation of the letters of the basic types in lower
case listed in decreasing order of dimension. For example, the type fe denotes all the associations between
faces and their bounding edges.

Arrows indicate incidence relations (or their inverse) and may carry their cardinality (i.e. the number of
referenced elements). Simple arrows denote variable number of incident elements. For exar&ple, F
implies that faces point to a variable number of edges. A superscript over the arrow indicates the number
of these references when it is constant. For exam ihdicates that each edge points to exactly two
vertices.

Sometimes, incidence references are organized by couples. For example, a face may have one reference
to its bounding face-edge couples. We indicate such coupling with parentheses a&W)F

Many data structures associate to each node of a particular type one or several pointers to other adjacent
nodes of the same type. For example, consider pointers from an edge E to a subset of its neighboring
edges. The number of SLFJCh pointers is in general not constant. If we neegxgnly one such pointer per face,
we can use the notation:-EE. Extending the superscript notation even further, E, indicates that from

each edge E there are pointers to other edges, one for each face-vertex pair such that the vertex is bounding
E and the face is bounded by E.

When the multiple arcs emanating from a node are ordered (possibly in cyclic fashion), we use a double
arrow ‘1 7 instead of “>”. For example, B V indicates that to each face is associated a list of links to
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vertices that are ordered in a circular fashion around the face. (This ordering is often used for simply-
connected faces.) For a face with several loops, we writd:[FV, ignoring, for simplicity, the fact that
nested loops may also be partially ordered.

A entire graph will be described by a syntax that first lists all the node-types used in the graph and then
all the types of arcs between these nodes. It is illustrated by the following example:

{R,F,L,V : RoF-LI FV)},

which indicates that the graph has nodes of type R, F, L, and V, and has a variable number of links from
R to F and from F to L. It also has a variable number of link-pairs from L to V and to F that are ordered.
(Regions are defined by a variable number of faces; each face is defined by a variable number of loops;
each entry in the loop is a double reference to a vertex and to another face.)

5.6 Manifold models

We describe in this sub-section several data-structures for representing manifold models of polyhedra and
of curved solids.

5.6.1 Face-vertex structure

For polyhedral models with simply connected faces, the edges are defined implicitly in terms of vertices
and are thus not necessary (provided that vertices be ordered along loops). For faces without holes we
may use an incidence graph based on face-vertex adjacency:

{RFV : R-FOV},
and for multiply connected faces:

{RFLV : RoF-LOV}

5.6.2 Delta
The face-vertex structure may be enhanced with vertex-edge and edge-face back pointers to improve
boundary traversal at a small storage cost [1]:
A={RV,EF : R_>F_>V_.EiF} or reverseA ={V,E,F : F_>E—2.V—>F},
and further extended for representing 3D triangulations:
4 3 2
3D-A={V.EFR : RoFS-E-V R}
5.6.3 Edge-centered structure
Using edges as the stem of the representation, [40] proposes a different structure targeted at an optimal
compromise between space and time efficiency:

(F.EV : VOEOD (V,F), FOE}

Each edge points to a next edge around each abutting face. A face points to an ordered list of edges. This
data structure only captures manifold topologies with simply-connected faces.
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5.6.4 Winged-edge

The pioneering winged-edge representation developed by Baumgart [5, 6] is a bi-directional incidence
graph to which ordering information is added as links between edges. The graph can only represent
orientable manifold shells. Each edge-node points to four other edge-nodes that share with it a vertex and
a face.

winged-edge={F.E,\V : FLE( V,EC E,V-EQ (F, B}

The winged-edge data structure was extended by adding loops and shells ordering information [11]. In the
late seventies a version of it was used by Braid, Eastman, Weiler, and Henrion in the development of
GLIDE and another by Braid, Hillyard and Stroud in Cambridge, UK, in the development of BUILD,
which later evolved into the ROMULUS system. A comparative analysis of the space and time costs
associated with the different data structures for these extensions may be found in [1, 39].

5.6.5 FAHs

A FAH (Face-Adjacency Hypergraph) was used for modeling two-manifold boundaries [2]. The arcs of
a FAH define face-face adjacency and simply correspond to edges. Hyperarcs are connecting a vertex to
all of its edges. Thus, using E as a symbol for an arc, we have:

FAH={FELV : F-L EV),EIF,VIE}

FAH's were subsequently extended for modeling objects at multiple levels of details, reflecting an iterative
design process of incrementally adding features and details [14].

5.6.6 Half-edge

Since, in manifold shells, an edge is bounding two faces, it may be convenient to use two fe-nodes to
represent each edge. To each fe-node corresponds a different orientation of the edge and is associated
one of the two vertices that bound the edge. These fe-nodes have been used in many data structures and
have been called “split-edges”, “half-edges”, “edge-uses”, and so on. These half-edges are usually linked
to each other half-edges, either directly or through an edge-node so as to capture face-face adjacency

[19, 24].
As shown in [1] half-edge data structures correspond to:

Half-edge = {R,F,L,fe,E,V : RoF_L_fe(V,E), E5fe, Vofe L SFLR),

plus redundant pointers from R to all the L, V, E, and S nodes. The half-edge structure was used by
Mantyla and Sulonen in the GWB system.

5.6.7 Quad-edges

The winged-edge representation was extended by Guibas and Stolfi to subdivisions of orientable surfaces
using a quad-edge data structure [15]. Simple primitive operators were provided to move from edge to
edge around face loops and around vertices. Each edge refers to four of its neighbors.

5.6.8 Cell-tuples and V-maps

Brisson [7, 8] uses cell-tuples to extend the face-edge data structure [10, 21] and the quad-edge data
structures [15] to higher dimensions. A cell-tuple is a combination of cells of all the dimensions, such that
each cell (except the full-dimensional one) is in the boundary of the cell of the next dimension in the
cell-tuple. For example, in 3D a cell tuple is defined by selecting a region, one of its faces, one of the
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edges bounding the face, and a vertex bounding that edge. The switch(k) operator parameterized by the
dimension k produces the other tuple that has the same elements, except for the element of dimension k,
which is uniquely defined. For example, switch(0) exchanges the two vertices of the edge and switch(1)
exchanges the two edges that bound the face and share the vertex. switch is its own inverse. A permu-
tation of switch operators for dimension k and k+1. may be used to order k-cells and (k+1)-cells around
(k—1)-cells on a (k+2)-cells. For example, an alternation of switch(1) and switch(2) may be used to visit
the edges and faces of the cone of a shell formed around a vertex. Independently, Lienhardt [22, 23]
defines n-dimensional generalized maps. For manifold objects, both Lienhardt's and Brisson's representa-
tions are equivalent.

5.7 Non-manifold structures

A technique for extending boundary graphs to non-manifold cases, where the solids have internal struc-
tures is based on the use of 3D region nodgsn he delimitation graphs. Each 3D regions is associated
with a well defined subset of the boundary that forms a valid shell, or set of shells. (Typically, for sim-
plicity, the solids are restricted to be connected, although not necessarily simply connected. More than
one shell may be needed when the solids have internal holes.)

5.7.1 Edge-Less Adjacency Graph

The lack of face-face adjacency information in the simple face-vertex structure may be overcome by ex-
tending it into an ELAG (Edge-Less Adjacency Graph) for polyhedra.

In an ELAG, each pair of consecutive vertices in a loop define an edge. (The loop implies a circular or-
dering and thus the last vertex is followed by the first one. If the loop is non-manifold, several entries in
the loop may refer to the same vertex.) We can arbitrarily associate this edge with the first one of the two
vertex-entries, in the order of their appearance in the loop. Thus each vertex in a loop implicitly defines
a face-edge pair, i.e. an element of type fe. Given a face F and an edge E in the boundary of a solid region
R, the pair fe unambiguously defines at most two facemé F, that have E in their boundary and that

are adjacent to F in the circular ordering around E of all the faces of R bounded by E. Thus, one can
associate two face-pointers with each vertex-entry in each loop. We obtain the following specification:

ELAG ={R,FLV : RoF~LOD V, 2F},

where the notation “0 V, 2F)” indicates that each loop has a variable number of entries, each pointing
to one vertex and two faces.

Given the orientations of the faces and of the edges and their neighborhood information with respect to
R, we can add to the loop-face links neighborhood information that will enable us to traverse the boundary
of a region R by walking from one face to the next in such a manner that the sector specified by these
two faces in the vicinity of the edge is inside R and is not intersected by any other face adjacent to E.

Note that for manifold boundaries £F,, and only one pointer is necessary:
Manifold ELAG ={R,F,.L,V : R-F-LI V, B}

When, in addition, faces are simply connected, we can merge the face-nodes with the loop-nodes alto-
gether:

Manifold ELAG with simply connected faceR,F,L,V : R-F{ V, F)}

When restricted to manifolds shells, the ELAG concept was used in [26] for representing 2D triangulations
by associating with each triangular face three pointer-pairs:
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Triangulation = {F,E : F (V,F)}.

The concept was further extended in [9, 13] to higher dimensional triangulations.

5.7.2 Facet-edges

Dobkin and Laszlo extend the approach of [15] to a subdivision:.oThey define a facet-edge data
structure [10, 21] in which each face F points to other adjacent faces that bound the two regions bounded
by F.

The two-cycle requirement for shells of regularized solids, does not allow the use of “non-manifold”

boundaries in the larger sense of the word, i.e., boundaries that are not two-cycles, because they have
dangling faces or edges or because they define a partitioning of the solid into several connected regions.
Internal structures may be specified by superimposing on the solid the internal dangling faces and edges.

5.7.3 Half-edges and hybrid-edges

Mantyla's Half-Edge and Kalay's Hybrid-Edge [19, 24] data structures may be used to represent dangling
faces together with shells of 3D regions, and are thus useful for extending the topological domain beyond
dimensionally homogeneous sets, and even to a limited class of non-manifold boundaries.

5.7.4 Radial-edge

In the winged-edge representation, to each face-edge-vertex and eachledge-vertlex incidence link is asso-
ciated a link to a face. Thus, the winged-edge data structure has implidE and fe- E links. Using

these auxiliary fe and ev entities as nodes in the graph, Weiler has defined the vertex-edge and the face-
edge data structures [37], leading to the radial-edge data structure [38].

5.7.5 \Vertex-based structure

The radial-edge data structure explicitly captures how faces are ordered around an edge and how edges
are ordered around a face. It does not however provide any information on the vertex-cone nesting, which
is important for a consistent traversal of the object's boundary at non-manifold vertices and is addressed
in the NOODLES system by Gursoz, Choi, and Prinz [16, 17].

5.7.6 SGCs with NAILs

In a Selective Geometric Complex, introduced by Rossignac and O'Connor, each cell points to all of its
bounding and incident cells. When the dimension of two incident cells differs by exactly one, and the
lower-dimensional cell is in the manifold supporting the higher-dimensional one, the link is augmented
with the (left, right, or both) neighborhood. Cells are tagged as active or inactive.

In addition to the incidence graph used for SGCs, to each edge and to each face node one can associate
a two-dimensional table called “NAIL” (for Next cell Around a cell In a cell List). For an edge e, the
table is indexed by a reference to a vertex v bounding e and by a reference to a face f incident upon the
edge. The corresponding entry e.NAIL(v,f) in the table contains a reference to the next edge around v in

f. Where “around” is defined with respect to the orientation of the surface supporting f. For a face f, the
table is indexed by a reference to an edge e bounding f and by a reference to a 3-cell r incident upon f.
The corresponding entry f.NAIL(e,r) in the table contains a reference to the next face around e bounding

r.
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6.0 CONSTRUCTIVE NON-REGULARIZED REPRESENTATIONS

A Constructive Solid Geometry (CSG) representation defines a recipe for a solid as a selection of 3-D
cells from a decomposition of space induced by the CSG primitives (half-spaces or volume primitives).
The operations used to control the selection are the regularized Boolean union, intersection, and difference.
A regularized operation returns the closure of the interior of its set theoretic counterpart [27, 28, 36].
Note that, if the arguments are regular, then the result of a set-theoretic union is identical to the result of
the regularized union. Furthermore, if the primitives are regular, then the result of an expression involving
regularized Booleans is identical to the closure of the interior of the same expression composed of the
corresponding set-theoretic operators.

Using this recipe as a fundamental representation instead of a boundary representation has many advan-
tages. The non-evaluated (CSG) representation is always valid and can be easily parameterized. Editing
a non-evaluated representation is simple and very efficient; it suffices to change the expression. Non-
evaluated representations are less verbose than their evaluated counterparts and lead to considerable stor-
age savings. Finally, many solid modeling algorithms work directly on CSG representations through
divide-and-conquer and are numerically more reliable than their counterparts that work on evaluated
boundary representations. We discuss in this section several variations of the traditional CSG represen-
tation models.

A representation scheme that covers a rich set of inhomogeneous geometric objects and operations was
proposed in [34]. It is called Constructive Non-Regularized Geometry (CNRG). CNRG trees represent
objects that are aggregates (i.e., unions) of mutually disjoint regions. Each region is Rrsatidmeeds

not be connected, regular, or even dimensionally homogeneous. The leaves of a CNRG tree correspond
to parameterized primitive shapes such as volumes, faces, curve segments, or points. Internal nodes cor-
respond to intermediate CNRG objects and are associated with topological and Boolean operations.

SGCs provide a model for representing non-regularized internally-segmented sets as a collection of con-
nected open cells defined recursively in terms of their boundaries. CNRG trees yield an alternate repre-
sentation for these sets as a collection of regions defined in terms of original primitive sets. Regions of

CNRG objects need not be open nor connected and typically correspond to unions of SGC cells of various
dimensions. CNRG models should be viewed as a primary model for user interaction because they support
a high level vocabulary for expressing operations and regions, and because the CNRG trees are, similarly
to CSG trees, easy to edit and archive. SGC models should be automatically derived from CNRG re-

presentations, as boundary representations are derived from CSG trees.

The scheme proposed in [34] extends CSG in several ways:

1. It uses standard (non-regularized) Boolean operations and topological operations—boundary, closure
and interior. The regularized Boolean operations can be implemented in this scheme as three-operator
sequences: standard Boolean, followed by interior and closure.

2. It admits as primitives non-solid objects such as points, curves, or surfaces, and higher-dimensional
objects.

3. It introduces a new operator, called aggregation, which constructs structured objects composed of
several regions. The aggregation operator is a formally-defined and more sophisticated version of the
“assembly” operator provided by modelers such as PADL-2. Structured objects are not sets. They
are collections of sets, much like the cell complexes of algebraic topology [29]. Structured objects,
also called CNRG objects, or simply objects, also have underlying sets, as cell complexes do. The
underlying set of a CNRG object is the union of all the regions of the object, and therefore it is a
set with no structure or “internal boundaries”.

4. It defines Boolean and topological operations on structured objects.
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6.1 Semantics of CNRG operators

A CNRG object is a set of pairwise disjoint possibly non-regular or disconnected setsragithed.
The set, pA, of a CNRG object, A, is the union of the sets of its regions.

A CNRG tree is a rooted directed acyclic graph that represents a CNRG object. Leaves of the tree are
CNRG primitives, which may be composed of more than one region. For simplicity, we assume that each
primitive is given in its absolute position, although in practice, rigid body transformation nodes may be
used. Internal nodes represent intermediate CNRG objects obtained by applying Boolean, topological,
simplification, or filtering operators to the CNRG objects represented by their child-nodes.

To simplify the following discussion, we use “|” to denote a “gluing” or aggregation binary operator that
takes two disjoint regions, aggregates of regions (all of which are pairwise disjoint), or disjoint CNRG
objects and produces a CNRG object that aggregates all the regions. Note that expressions involving only
aggregate operators are order-independent.

An uppercase letter denotes a CNRG object, and each of the object's regions is denoted by the same letter
with a subscript. For example, And A are two regions of the same CNRG object, A. If A is composed

of only these two regions, we write, XA 1JA.;}. By definition, A and A are disjoint for ¥ j. A single-

region object, A, is considered distinct from its regian\We write A={A }. Note that A = pA for single

region objects.

In the following, we assume that S, A, B, C and D are CNRG objects. Furthermore, we often use C or
S to denote the objects produced by applying to A (and to B) a Boolean or topological CNRG operator.

A and B aredisjoint, if and only if the intersection of their sets, pA and pB, is empty.

Given two regions, Aand B, A B, denotes their intersection and-AB; their difference in the standard
set-theoretical sense. Note that AB; and A- B; are single regions that may be empty, disconnected,
dimensionally inhomogeneous, and not closed.

A region is said to beontained in an object if it is contained in the set of the object. It need not corre-
spond to the union of any subset of the object's regions.

Given n disjoint sets, Atheaggregationoperation, denoted “|", creates the corresponding CNRG object:
A={A.|A;] ... AL

The simplification, sA, of A is a CNRG object with a single region: the set pA. Thus; §M}.

The complement, cA, of A is an object composed of a single region that is the set complement of pA.
Hence, cA={pA}.

The union, A +B, is an aggregate of regions of the following three types: B, A -pB, and

B, — pA, for all combinations of regions,;Aof A and regions, B of B. Potentially each region of A is

split into two sets: the part in B and the part outside of B. The second set is a single region. The first
set may be decomposed according to the decomposition of B into regions. Union produces a subdivision
of (pA) (pB) that is compatible with the decomposition of A and B into regions. We call it “union”
because the se{A + B) equals the set theoretic union, pA pB.

The intersection, A[B, of A and B is the aggregate of all regions of the type B;. A region, A, of
Ais truncated to A pB, and is subdivided according to the subdivision of B into regions. Consequently,
p(A[B) = (pA) (pB), which justifies the name for this operator.

The difference, A\B, is the aggregate of all regions of the type-@AB. Clearly, §A\B) = (pA) - (pB).
It follows from the definition of union, intersection, and difference that
A+B={(AB) | (AB) | (B\A)}.

The topologicalnterior, iA, of A in R» is the aggregate of regions, Ainterion(pA), that are the inter-
section of the regions of A with the topological interior of ARm Note that, although iA is always
full-dimensional, regions of iA need not be full-dimensional. Thusinterior operator returns a subset

of the original object and preserves its internal decomposition into regions. The set, piA, of the interior
of A equals the topological interior of pA.
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Theclosure, kA, of A, is the aggregate composed of all the regions of A plus a single new region defined
as the difference between the topological closure of pA and pA itself. Thus, we can write:
KA., ..., A} ={A. ..., A, |(closurépA) — pA)}, and pkA equals the topological closure of pA.

The topologicaboundary, 0A, of A is defined as:dA =KkA\IA. The boundary operator does not neces-
sarily return a single-region object. Note thé&d4) equals the topological boundary of pA.

The regularized version, rA, of A is defined as kiA. The set, prA, spanned by rA corresponds to a reg-
ularized solid as defined in [27] and equals rpA. Note that regularization does not imply simplification
(i.e., a regularized object may be composed of many non-regularized regions). However, taking the
boundary, C, of a regularized object, A, will produce a lower-dimensional object whose set, pC, is the
topological boundary of the set of the regularized object, prA.

6.2 Evaluation

CNRG graphs may be evaluated directly or converted into an expanded SGC form, where SGC cells are
grouped to form sets that represent CNRG regions.

Point inclusion test for a particular CNRG region may be carried out using an extension of the divide-
and-conquer techniques popular with CSG trees (see [34] for details). On the other hand, it may be ad-
vantageous to compute and store the SGC representation of the non-manifold structure defined by a CNRG
expression. The computation may be simply carried out as an incremental (bottom-up) execution of the
CNRG operations.

Each one of these operations may be constructed from combinations of the primitive SGC operations:

«  Subdivision, which takes two SGCs and adds to the boundary of each cell of each SGC its lower-
dimensional intersections with cells of the other SGC. This addition may result in splitting the cell
into separate connected components.

«  Selection, which activates or deactivates cells based logical predicated involving topological, ge-
ometric, connectivity filters and inclusion in specific regions, and which also assigns cells to the re-
gions of the resulting SGC.

«  Simplification, which simplifies the representation of each region by deleting or merging its cells.

The algorithms for these operations have been described in more detail in [33] without limitations to any
particular geometric domain.

7.0 CONCLUSION

These notes present the key concepts for analyzing the topological limitations of geometric representation
schemes independently of the geometric domain. They also overview a number popular data structures for
manifold and non-manifold boundary representations and an extension of CSG representations to non-
regularized sets. They promote CNRG expressions for designing and editing non-manifold geometric
structures and SGC representations and associated algorithms for computing and storing a boundary rep-
resentation of these structures.

8.0 APPENDIX: REVIEW OF KEY TOPOLOGICAL CONCEPTS

This appendix provides an informal summary of the key topological notions relevant to this notes. Formal
and complete definitions may be found in many textbooks on Algebraic and Combinatorial Topology
([18, 25, 35]).
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A topological spaceis a set W with a choice of a class of subsets of Wofien set} each of which

is called aneighborhood of its points, such that every point of W is in some neighborhood and that the
intersection of any two neighborhoods of a point contains a neighborhood of that point. The three-
dimensional Euclidean space, in which the models discussed here are constructed, is so “topologized”.

Theinterior of a set S is the set of points having a neighborhood in S. (Intuitively the interior of a 3-D
set is is the whole set except for points on its surface, or more precisely on its boundary, defined later.).
A set isopenif it contains a neighborhood for each one of its points.

The complementof a set S in R is the set of points of R that are not in Sclbisarre of S is the com-
plement of the interior of S. (Intuitively, the closure of a set 3-D includes the bounding surfaces, whether
they were part of the original set or not.) Slissedif its complement is open. (Intuitively, a 3-D set is
closed if it includes its surface.)

The boundary of S is the difference between its closure and its interior. (Intuitively, for a 3D set, it is
the surface. However, if S is the result of subtracting the center point from a ball, then the boundary of
S is not only the spherical surface, but also the missing point.)

Two sets ardfhomeomorphic if one is the image of the other through a bijective map that is continuous
and has a continuous inverse. (Intuitively, we can map each point of any one of these two sets into a
unique point of the other set in such a way that they have topologically identical neighborhoods. It does
not necessarily mean that we can deform one object in a continuous manner to produce the other object.)

An open k-ball of radius r around a point s in a k-dimensional Euclidean space is the set of points at a
distance less than r from s, where the distance between two points is defined as the Euclidean norm of
the vector separating the two points.

The dimension of a set is the minimum dimension of the topological spaces containing the set. A set is
full-dimensional (with respect to some topological set) if its interior is not empty. An open set is thus
always full-dimensional. In a topological space of dimension n, a set of dimension k lower than n is
relatively openif it is homeomorphic to an open k-ball as a subset of some topological space of dimension

k. (A relative topology for a set S as a subset of a topological space W may be inherited from W by
considering as the open sets of S as the intersections of S with the open sets of W.) For example, a face
F has no interior in three-space. However, ritlative interior of F, defined as F without its bounding

edges and vertices is relatively open. This “relativity” concept may be also applied to the boundary: the
relative boundary of F is its bounding edges and vertices (i.e., the boundary of F in the relative topology

of the two-manifold, or surface, supporting it).

A set isregular if it is equal to the closure of its interior. A regular set is thus closed and does not contain
boundary elements that do not have in their neighborhood any interior point of the set. #-regjuisr

if it is equal to the interior of its closure. An s-regular set is therefore open and does not contain cracks
or lower-dimensional holes. The complement of an s-regular set is regular. S-regular sets were used in
[3] for modeling assemblies of sets that share faces.

Two sets ardlisjoint if their intersection is empty, i.e.: if no point belongs to both sets. A sminis
nectedif any two of its points may be joined by a continuous curve inside the set. A connected set cannot
be divided into two sets, such that the closure of one be disjoint from the other. The (maxiorally)
nected componentf a set are uniquely defined. A seirerior-connected if its interior is connected.

Two sets arejuasi-disjoint if their intersection is not empty, but is not full-dimensional. (For example,

two cubes touching at a vertex for a connected set that is not interior-connected. The two cubes are
quasi-disjoint.)

A closed k-ball of strictly positive radius r around a point s is the set of points at a distance from s less

or equal to r. Ak-sphereis the boundary of the corresponding k-ballkAalf-ball is the intersection
of a k-ball with a planar half-space containing shaif-spaceis a full-dimensional set of points usually
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assumed to be connected and regular, and defined by an algebraic or analytic inequality. (A strict ine-
quality defines an open half-space.) The set of points where the first coordinate is positive or null is a good
example of closed a planar half-space through the origin.

A k-manifold is a set of points whose neighborhoods are homeomaorphic to an open kibatiarifold
with boundary is a set of points whose neighborhoods are homeomorphic to an open k-ball or to a
half-k-ball.

An open set isimply connectedif it is homeomorphic to an open ball.

A cavity in a bounded (i.e. non infinite) set S is a bounded connected component of the complement of
S. In two dimensions, cavities correspond to the intuitive notion of holes. In three dimensions, the term
hole is ill-defined. We prefer to use the term cavity (such as the one found inside a soccer ball) and the
term handle, which denotes a tunnel or “way through” the set (such as the handle of a tea cup). The
number of holes through a set is important for assessing whether two sets are homeomorphic, but does
not reflect how they are embedded in in three-space.

The zero Betti number, b, denotes the number of connected components in a sefir§thBetti num-

ber, b, (also called 1-connectivity) specifies the number of handles in a 3D set. It may be defined as the
maximum number of “cuts” through the set that may be made without disconnecting it (i.e. producing two
separate pieces). A cut through a set may be thought of as the surface swept by drawing a closed curve
on the boundary of the solid and contracting it to a single point while maintaining it inside the set. For
example the 1-connectivity is O for a ball, and 1 for a solid torus, and 2 for the surface of a torus (the zero
Betti number for a closed surface is twice the zero Betti number for the solid bounded by the surface).
The second Betti number,b,, denotes the number of cavities.

The genusof a surface is the maximum number of closed curves (contained in it) that may be subtracted
from it without disconnecting it. The genus, also denotes the number of handles, H. One closed surface
may be mapped into another by a continuous bijection if they have the same genus. The genus of a closed
surface is half its first Betti number and is also equal to the Betti number of the 3D set bounded by the
surface.

A k-simplex is the convex hull of k+1 linearly independent points in R.nidface of a k-simplex is the
convex hull spanned by m of the k points of the k-simplex and is an m-simplex. All k-simplices are closed
and homeomorphic to a closed k-ball. The boundary of a k-simplex is homeomorphic to a k-sphere. A
simplicial complex is a finite union of simplices glued together such that for any pair (A,B) of these
simplices: either A and B are disjoint, or A and B share a common m-face, or A is an m-face of B, or
B is an m-face of A (for some m). Tmlytope of a simplicial complex is the union of the sets of all

of its simplices.

A CW complex is a finite union of mutually disjoint relatively open cells, each being homeomorphic to

an open ball and having for boundary the union of the sets of other cells in the complex. The intersection
of the closure of two cells is either empty or is the union of other cells in the complex. CW complexes
generalize the notion of simplicial complexes because their cells are not restricted to simplices (i.e. points,
line segments, triangles, and tetrahedra), but may include relatively open sets of arbitrary shape and of
an arbitrary finite number of bounding simplices (k-faces), provided that the 2-D cells have no holes and
that the 3-D cells have no handles.

Two distinct k-cells of a (simplicial, CW, or geometric) complex adgacent if they share one or more
bounding cells. A (k+1)-cell ¢ imcident on a k-cell b if b is a bounding cell of c.

For a two-dimensional two-manifold closed surface without boundary made of F faces, E edges, and V
vertices, theEuler characteristic (or Euler number) is equal to VE + F.
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For a 3-D manifold CW complex (a set bounded by a two-manifold surface) made of R 3-D cells, F faces,
E edges, V vertices, the Euler characteristic is a topological invariant independent of the subdivision
subdivision and is equal to ¥E + F — R. TheEuler equation states that the Euler characteristic is equal

to bh— b, + b, Since B+ b, the number of connected components plus the number of cavities is the
number of shells, S, in the surface bounding the 3D set, we have for a 3D set:

V-E+F-R=S-H,
where H is the number of handles through the entire 3-D set.

The Euler characteristic of a surface in 3-D is twice the Euler characteristic of the solid bounded by the
surface. Since pthe number of shells is equal to the number of cavitigsard since the maximum
number of non-separating cuts in the surface is twice the number of handi€ib the Euler equation

for a surface is:

V-E+F=2(S-H).

Since V, E, F, R are readily available and S may be easily computed by constructing connected compo-
nents, the above formulae yield a practical means for computing H! The formulae are restricted to mani-
fold sets, although they can be extended to non-manifold CW complexes by incorporating the counts of
various on-manifold situations, such as the additional cones of faces incident upon a vertex.

We can verify the Euler equation for a solid torus represented as a CW complex. We need to introduce
a vertex and two curves that will split the surface of the torus into a single face whose relative interior

is homeomorphic to an open disk (2-D ball). Furthermore, we need to introduce a cut-face through the
interior of the torus, so that the 3-D interior be homeomorphic to an open ball. The Euler equation for the

resulting complex has: ¥1, E=2, F=2, e=0, R=1, f=0, S=1, H=1.

The popular geometric primitives, such as cylinders or cones, cannot be represented directly as simplicial

complexes nor even as CW complexes if their faces, edges, and vertices are not simply connected. Arti-
ficial bridge-edges and cut-faces may have to be introdygedmetric Complexes[33] generalize the

concept of CW complexes allowing cells to be open sets of arbitrary genus (rather than being restricted

to be homeomorphic to open balls). For example, a torus may be represented as a geometric complex by
only two cells: its 3-D interior and its 2-D boundary.

Simplicial complexes, CW complexes, and Geometric Complexes are closed, i.e.. they contain the
boundaries of all of their cells. Selective Geometric Complexalso called SGC) developed in [33]
further extends the notion of a geometric complex by associating with each cell an attribute stating
whether the cell isctive (i.e. contributes to the final set) or not. For example, an open sphere without
its center point may be modeled by an SGC with three cells: the 3-D interior without the point, the 2-D
bounding sphere, and the central vertex. Only the interior is active.
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Context

Specification, representation, and * INPUT _
= Sample surface points

construction _of non-manifold - Space meshes (FEM, voxels)
geometric structures - Slices, ray-reps

= CAD construction steps
- Procedural models

e REPRESENTATION
= Geometric primitives (surfaces, curves, points)
- Topological relations (adjacency, boundary of)
» Ordering (next vertex, edge, face, branch)
- Pointsets and structures (non-manifold, features)

Jarek Rossignac
IBM Research

Lines decompose space into simplices

Content

f=connected
subset of

e Linear decomposition the rest
e Hierarchical specification

e Constructive Non-Regular Geometry
e Boundary representations

e Selective Geometric Complexes

e SGC operations

e Curved geometry conmected
segment of
subdivision of

A by other lines . . . .
How to identify a set of simplices?




Use Boolean expressions Convention

Half-spaces Operators vertex in S
edge in S

>
U =union .
N = intersection - ___facein S
= = difference | |
bH=line b = boundary = vertex NOTin S
i =interior .
¢ = complement ~ | ¢ edgeNOTinS
k= closure face NOTin S
0 = zero cells

1 =one cells...

H = iHNbH

Two operators suffice,N and c, but all are convenient Simplices NOT in S may be omitted

Topological set operators Any collection of simplices
bCNbD

‘ - beniDNiaN =
R | (nterior e, | NS iANiCNiD
1
A k

1 boundary
g oounceyg, | —

bANbC

) closure )
S| _cosue, I =

@
'“ter'or may be expressed using half-space combinations,

which should be computed from higher-levgbut




Hierarchical construction graph SHe -

aoe Oono
ets but preserve
a
a egio
: A
A B
B
A B
A B
A A B
O O e PO ple
A+B
Reglo are proke 0 plice

Boolean CNRG operators Boolean CNRG operators

(B+C) S=(A&(B+C))

C

+ yields 3 regions & trims down these 3 regions to the interior of A




Boolean CNRG operators

S=(A&(B+C))+D A A

S23
S’iZ
don't care for
D - (A&(B+Q))

+ splits each one of the 3 regions: iD and cD egio ed
+ adds a 7th region: S?2 (the rest of D) ew 3rd reglio A 1egio

.A

Features of CNRG objects

O T G

Constructive Non-Regular Geometry

Operators on aggregates of disjoint regions:

Aggregation  combines disjoint objects
Simplification  returns single region
Complement  set complement

Interior restricts each region
Exterior interior of complement
Boundary restricted region + one
Closure old regions + one
Intersection pairwise combinations
Difference restricted regions

Union 3 combinations

k-cells only cells of dimension k

S=(A-B)-C

The feature of interest here is in ¢S: S33 = A&B&C
Extended signature semantics: treat - as a +




CNRG summary

e Compact specification

e Hierarchical (bottom-up) design
e Full topological coverage

e Preserves internal structure

e Signature identifies each region
® Regions have arbitrary topology

® Region existence and connectivity can
only be assessed through evaluation

A definition

A polygon is a:

connected

bounded

subset of the plane

equal to the interior of its closure

having as boundary a finite union

of pairwise disjoint cells:
crossings
vertices_

edges
a

What is a valid polygon?

p R
(e

Wrong question! First, ask: "What is a polygon?"
Then select a representation scheme.

BRep of a polygon

Geometry defines:
crossingeo O
vertices
edges
loops! -

crossing = non manifold
vertex = non smooth

edge = connected
orientation = first left \
loop = max connected subsets of Bdry




Possible representation of a polygon

® List of points (coordinates)
® List of loops (external + holes)
® Each loop = cyclic list of point uses

This representation is completely defined for a
given geometry (provided that we choose an
ordering scheme for points and uses).

Recipe | Voxels BRep

Compact
Medium

Huge

Very fast

Medium
Slow

Simple
Elegant
Complex
Very hard

Efficient
Tricky
Tedious

Representation schemes

discretized boundary

Topological generalization of a polygon

dd

polygon 2-cell




Generalized 2-cell
connected
bounded
relatively open
subset of manifold
bounded by a finite union
of pairwise disjoint 1-cells and 0-cells

Representation: _
= reference to supporting surface

= list of bounding vertices
= list of bounding edges (with nbhd)

Internal structure in SGCs

- "
Add the 2 vertices and the edge to the

boundary of cell A

This removes them from cell A, but they may still
be active in the object or in a feature

Selective Geometric Complex

e Object = list of pairwise disjoint cells
= Cell = connected, relatively open,
bounded, subset of a manifold

= Boundary of each cell = union of
other cells in the object

e Selection of "active" cells

e Features = different selections

Splitting an SGC cell

y

L 4 L
w-' ,I .

Adding the new edge splits the face

A new 2-cell (B) is created.
Both A and B may retain the attributes of A.




Representation of SGCs

V3 )

\ V4 L

Y
| , P VAT A\

" E4 E3 El E2 ...

Orientation and neighborhood side

F

a b

» Fis on the right of a
» F is on both sides of b
» Fis on the right of ¢

Orientation and neighborhood side

F

J : TC ’R %L\ C

a b

» Fis on the right of a
» F is on both sides of b
» Fis on the left of c

Neighborhoods in SGCs




Ordering incidence relations

1
(]
il
3

edges around verticesfaces/branches around edges

[=] -~

nesting loops and shells vertex cones

Putting it all together

Users manipulate CNRG objects
> primitives
> operators
> regions signatures
» features

An SGC model is derived from CNRG

SGC cells are (unions of) connected components
of simplices induced by primitives' cells

NAILs: Order in SGCs

(Next cell Around cell In cell List)
r

\ e' = e.NAIL(v,f)
f = f.NAIL(e,r)

Store NAIL table with each cell of SGC

CNRG-to-SGC conversion

_subdivision E

selection
(A+B)-C

S|mpl|f|cat|on
(optlonal)




Subdivision

Insert lower-dimensional cells of other
primitives into the boundary of each cell

Subdivision

Subdivide edges of both by inserting
their pairwise intersections

Subdivision

Add vertices of A to boundaries of cells
of B and vice versa.

Subdivision

Insert edges of A in the boundaries
of the faces of B and vise versa




Selection

Combines sells from both and select
which cells should be ACTIVE

A-B

Could apply any filter
using CNRG operators
and features

Simplification

Merge cells without changing the
pointset nor the structure

s(A+B)

N\

A different selection

Combines sells from both and select
which cells should be ACTIVE

Properties of simplification

One pass algorithm:

For each cell by decreasing dimension
¢ Delete if non-active and not needed
+ Absorb inside a single higher dim cell
+ Join with other cells of same dim

SA=SSA

Produces a unique rep for a pointset

\ Vertex required to preserve

the validity of SGC models Preserves desired structure




Issues for curved geometries Software architecture issues

e Cost and reliability of geometric intersections Geometry independent API

e Geometric singularities (cusps) Interface between geometry and topology

e |dentification of branches and components = Intersection reurns a complex

e Multiple representations (trimmed patch) — Bidirectional links

e Computing order and inclusion Robustness (floating point errors)
Persistenteferences to user selected cells

Merge objects from different modellers
Capture andesolve constraints
Editing the structure or the creation steps

CONCLUSIONS

Design/edit in CNRG terms
Interrogate / mark using features
Algorithmic conversion to SGCs
Efficient editing of feature selection

No topological restrictions

No geometric or dimension restrictions
Independent of geometric reps






