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Abstract

The local geometric properties such as curvatures and normal vectors play important roles in analyzing the local
shape of objects. The result of the geometric operations such as mesh simplification and mesh smoothing is depen-
dent on how to compute the curvatures of meshes, because there is no exact definition of the discrete curvature in
meshes. In this paper, we indicate the fatal error in computing sectional curvatures of the most previous discrete
curvature estimations. Moreover, we present a new discrete sectional-curvature estimation to overcome the error,
which is based on the parabola interpolation and the geometric properties ofBezier curve.
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1. Introduction

The problem of estimating the geometric properties such as
normal vectors and curvatures in triangular meshes plays im-
portant role in many applications such as surface segmenta-
tion, anisotropic remeshing or non-photorealistic rendering.
A lot of efforts have been devoted to this problem, but there
is no consensus on the most appropriate way[1,3,4,5,8,9].
Popular methods include quadratic fitting, where the esti-
mated curvature is the one of the quadratic that best fits a cer-
tain neighborhood of a vertex locally. Most recently, Gold-
feather propose the use of a cubic approximation scheme
which takes into account vertex normals in the 1-ring. The
accuracy of these curvature estimations is dependent of that
of fitting. If the one-ring neighborhood has many vertices or
has a oscillated shape, then the approximated surface does
not resemble the local shape and these estimations may yield
a high error. Other methods typically consider some defini-
tion of curvature that can be extended to the polyhedral set-
ting. These methods compute Gaussian curvature and Mean
curvature based on the Gauss-Bonnet theory and Euler the-
ory. Taubin presented a method to estimate the tensor of cur-
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vature of a surface at vertices of a mesh[6]. Watanabe pro-
posed a simple method of estimating the principal curvatures
of a discrete surface[7]. Meyer et. al proposed a discrete ana-
log of the Laplace-Beltrami operator to estimate the discrete
curvature[2]. Most of these methods compute directly the
sectional curvatures for each adjacent edge of a vertex. They
assume the normal curve interpolate both the given vertex
and an adjacent vertex and the curve is represented by Taylor
series. However, they make the same mistake that they adopt
the distance between the given vertex and its adjacent neigh-
bor vertex as the parameter of the series. Figure 1 shows
their drawback. There are several polygons of different in-
terior angles, all of which are circumscribed by circles of
the same radius. The discrete curvatures estimated by those
methods are the same as that of the circle. It is quite alien to
universal concepts.

Figure 1: Several Polygons with the same discrete curvature
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In this paper, we present symmetric parabola-based dis-
crete curvature estimation in order to solve such a problem in
computing the sectional curvatures by the previous discrete
curvature estimations. Our method is based on the parabola
interpolation. We show that our method has a good geomet-
ric property so that we may derive a more simple formula
and resembles the local shape better than the previous meth-
ods. Moreover, we detect a fatal error of the circle-based dis-
crete curvature estimations.

This paper is organized as follows: we indicate an error of
the circle-based discrete curvature estimations in Section 2.
In Section 3, we present a new discrete curvature estimation
that is based on the parabola interpolation and has a good ge-
ometric property. Moreover, the comparison of our method
and circle-based estimation is shown in Section 4. Finally,
we conclude the paper with some remarks in Section 5.

2. Review of Circle-Based Discrete Curvature

We review the circle-based discrete curvature estimation
adopted in the previous methods of estimating the discrete
curvature of meshes. This method utilizes the Taylor series
of a curve and adopts the distance between two vertices as
parameter of the curve. It makes the trajectory of points with
the same curvature be a circle. So, in this paper we call this
method as C-discrete curvature.

2.1. C-Discrete Curvature Formula

Most of the previous discrete curvature estimation compute
directly the sectional discrete curvature whether they use
the tensor of curvature or Laplacian Operator [2,3,6]. All of
them compute the curvature by using the Taylor series of
a curve interpolating two vertices. Letp and pi be a given
vertex and its adjacent vertex, respectively and letg(s) be a
continuous curve passing through the two vertices:g(0) = p,
g(s) = pi . Then the curve may be represented by its Taylor
series:

g(s) = g(0)+sg′(0)+
s2

2
g′′(0)+O(s3)

= g(0)+sT+
s2

2
κ(p)N+O(s3),

whereT andN are the unit tangent vector of the unit nor-
mal vector, respectively, andκ(p) is the sectional curvature
of g(s) at point p to the directionppi . By applying the in-
ner product to both sides withN, we may get the following
equation

N · (g(s)− p) = sN·T +
s2

2
κ(p)N ·N+O(s3).

BecauseN⊥T = 0 andN⊥N = 1, the above equation may
be changed to the following simple equation

N · (g(s)− p) =
s2

2
κ(p)+O(s3)

κ(p) =
2N · (g(s)− p)

s2 +O(s).

The previous methods define the C-discrete curvatureκC(p)
by assuming that the parameter of the series is the distance
between two vertices:

κp
C(pi) ≡

2N · (pi − p)

||pi − p||2
(1)

2.2. The Drawback of C-Discrete Curvature

First of all, we find out the set of points with the same dis-
crete curvatureα. For the convenience of computation, we
assume thatp = (0,0), pi = (x,y) andN = (0,−1). Then
the formula of the C-discrete curvature ofp is as follows:

κC(p) =
2N · (pi − p)

||pi − p||2
=

2(0,−1) · (x,y)

||
√

x2 +y2||2
=

−2y
x2 +y2 = α.

Then,

x2 +(y+
1
α

)2 =
1

α2

Figure 2: The set of points with curvatureα

The trajectory is the circle of center(0,− 1
α ) and radius1

α
as shown in Figure 2. That is, whenever the adjacent vertex
pi is on the radius of the circle though it makes the differ-
ent interior angle with the given vertexp, the sectional C-
discrete curvature ofp to the directionppi is the same as the
that of the circle. In general, the interior angle of a triangle is
sharper than those of square and octagon. So, we may con-
sider that the curvature of a vertex in triangles is greater than
that of other regular polygons(see Figure 1). The result of the
C-discrete curvature estimation breaks the general concepts.
Moreover, there is another drawback of this method that the
range of the value is restricted. If||ppi || ≥ 1, then y

x2+y2 ≤ 1.
Hence,

κp
C(pi) =

2y
x2 +y2 ≤ 2

Therefore, we have known that this method can not reflect
the local shape although the adjacent vertices have a sharp
interior angle because of the upper bound of curvature val-
ues.

Figure 3 shows an example which indicates the draw-
backs of the C-discrete curvature estimation. The vertices of
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a polygon lie on the union of two circles of the same radius.
By C-type estimation, there are two types of the curvature
value: one is on the intersection of two circles, the other is
on the other region. The former is a small value, which ap-
pears on the intersection of two circles, the later does on the
other region. But, there are three types of interior angles.
Though the most left vertex has a sharper interior angle than
other vertices, it has the same discrete curvature as one of
them.

- It computes the same curvature whenever the vertices are
on circles of the same radius.

- There is a upper bound of curvature values if the distance
between two vertices is greater than 1.

Figure 3: counter-example of C-discrete curvature

3. Parabola-Based Discrete Curvature

In this section, we introduce a new discrete curvature esti-
mation based on the parabola interpolation. The formula has
a good geometric perperty, so the curvature estimated by our
method resembles well the local shape of polygons. In gen-
eral, the local shape of a polygon at a vertex is determined
by the geometric relationship between the vertex and its ad-
jacent vertices. We have known that the concept of curvature
is derived from a curve and it is a quantity to measure the
local bending of curves. Therefore, the best method to re-
semble the local shape, following the original definition of a
curvature is to use the quadratic curve interpolating the three
consecutive vertices.

3.1. P-Discrete Curvature Formula

We adopt a quadratic Bezier curve as an interpolating curve
because it has a good geometric property. LetA,B,C be three
consecutive vertices. The general form of a quadratic Bezier
curve is as follows:

P(t) = P0B2
0(t)+P1B2

1(t)+P2B2
2(t),

where Pi are the control points of the Bezier curve and
Bn

i (t) = n!
(n−i)!i! (1− t)n−it i are the Bernstein polynomials

of degreen. In general, there are several methods to find the
Bezier curve that interpolates the given vertices. That is, the
conditions for two end vertices are already determined as
follows: P(0) = A,P(1) = C, so the method is determined
according to when the curve passes through the intermediate
vertexB. This problem is a parameterization of curves. We
can consider the folowing two methods:

standard :P( 1
2) = B

length-based :P(
||AB||

||AB||+||BC|| ) = B

The standard parameterization is simple to derive the good
geometric relations, where the length-based parameteriza-
tion resembles well the local shape but yields more complex
formula. In this paper, we adopt the standard parameteriza-
tion so that we may find out a good relationship between the
curvature of a curve and the discrete curvature of a polygon.

First of all, we compute the three control pointsP0,P1,P2
of the quadratic Bezier curve, satisfying the standard param-
eterization condition:

P0 = A, P1 =
4B−A−C

2
, P2 = C.

Therefore, the interpolating Bezier curve is as follows:

P(t) = AB2
0(t)+

4B−A−C
2

B2
1(t)+CB2

2(t).

The curvature ofP(t) at t = 1
2 is

κP(
1
2
) =

||P” ( 1
2)×P

′

( 1
2)||

||P′

( 1
2)||3

=
||4(A−2B+C)× (C−A)||

||C−A||3
.

Hence, we can define a new Parabola-based discrete cur-
vature of the given vertexB as follows:

κP(B) =
||4(A−2B+C)× (C−A)||

||C−A||3
. (2)

Figure 4: The geometric meaning of P-discrete curvature

3.2. Geometric Properties of P-Discrete Curvature

First of all, we find out the geometric properties of the P-
discrete curvature formula. LetV = C−A

2 andG= (A−2B+
C). The P-discrete curvature formula is

κP(B) =
||4G×2V||

||2V||3
=

||G×V||

||V||3
=

||G||||V||sinθ
||V||3

, (3)

whereθ is the in-between angle of the vectorsG andV. The
numerator of Eqn. (3) is the area of the parallelogramBDEF
and is four times as much as the area of the triangleBCF as
shown in Figure 4. Therefore, the P-discrete curvature for-
mula is
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κP(B) =
41

2vh

v3 =
2h
v2 , (4)

where,h andv are the height and the width of the triangle
BCF, respectively.

3.3. Validity of P-discrete curvature

In order to verify the propriety of the P-discrete curvature,
we regularly samplen points on a circle of radius 1 and com-
pute their P-discrete curvature. Letpi = (cos2πi

n ,sin 2πi
n ),

i = 0, · · · ,n−1, be the vertices of an-gon on the circle. By
trigonometry, we can compute the values ofv andh as fol-
lows:

Figure 5: Polygons with the different p-curvature values

v = r sin
2π
n

,h = r(1−cos
2π
n

).

Therefore, as the number of sampling points increases to the
infinity, the value of curvature at a vertex of then-gon be-
comes that of the circle.

lim
n→∞

κP(n)(Q) = lim
n→∞

2(1−cos2π
n )

sin2( 2π
n )

=
1
r
.

Figure?? and Table 1 show the several polygons on a ci-
cle of radius 1 and their P-discrete curvature values. This
result is an excellent contrast to that of C-discrete curvature
estimation (see Figure 1). The C-type estimation wishes that
the curvature of the sampled vertices becomes that of a circle
because the vertices are sampled on the circle. The method
puts emphasis on the point of view that the vertices are on a
circle. However, it goes against the concept of curvatures. It
loses the information on the local shape. On the other hand,
our method recognizes the vertices of polygons on the circle
to have a sharper angle, not to be on a circle. That is, the
P-discrete curvature of vertices of a triangle is 4 and that of
retangle is 2.0. More the number of vertices increases to the
infinity, less the curvature value decreases to 1. Therefore,
our method resembles the local shape of vertices more than
the C-discrete curvature estimation.

4. Symmetric Parabola-Based Discrete Curvature

There is an example that the P-discrete curvature estimation
explained in Section 3 is not yet the perfect solution of re-
sembleing the local shape of polygons. Figure 6 contains

Figure 6: Polygons with the same p-curvature values

three polygons each of which has the same width 2v and
the same heighth. So, they have the same discrete curva-
ture of the intermediate vertexB. However, one can expect
that it has the largerst curvature among them because the last
polygon has a sharper angle at the vertex than the others. In
order to solve this imperfection, we propose the symmetric
parabola-based discrete curvature estimation using a sym-
metric parabola.

4.1. SP-Discrete Curvature Formula

Let N be the unit vector bisecting the interior angle ofB

N =

BA
||BA|| + BC

||BC||

|| BA
||BA|| + BC

||BC|| ||
.

Then, we can consider two right-angled triangles△AA′B
and△CC′B as shown in Figure 7. One has the width of
lengthvA and the height ofhA, the other has the width of
lengthvC and the height ofhC:

hA = N ·BA, vA = ||BA− (N ·BA)N||

hC = N ·BC, vC = ||BC− (N ·BC)N||.

Then, we can consider the right-angled triangle△MM′B
with the width vm = vA+vC

2 and the heighthm = hA+hC
2 .

Therefore, we define the symmetric parabola-based discrete
curvature of the vertexB as

κSP(B) ≡
2hm

v2
m

. (5)

Figure 7: Polygon and its Parabola

4.2. Comparison of SP-DC and C-DC

In this subsection, we compare the symmetric parabola-
based discrete curvature with the circle-based discrete cur-
vature by using the Taylor series of curves interpolating the
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n 3 4 5 6 7 8 9 10 11 100

curvature 4.00 2.00 1.5278 1.3333 1.2319 1.1715 1.1324 1.1055 1.0862 1.0009

Radius of curvature 0.25 0.50 0.6545 0.7500 0.8117 0.8535 0.8830 0.9045 0.9206 0.9990

Table 1: The P-discrete curvature and its radius of curvature of the sampled points on the circle of radius 1

given two points. The C-curvature adopts the distanceBM
between two points as the parameter of the curve, whereas
the SP-curvature adopts the horizontal distanceMM′ be-
tween them (see Figure 7). First of all, we derive the ana-
lytic formula of the symmetric parabora-based discrete cur-
vature by using the Taylor series. For the convenience of
deriving, we assume that the bisecting unit vector isN =
(0,−1), a given vertex isp= (0,hm), and its adjacent vertex
is pi(vm,0). Then, the parabolag(t) = (t, f (t)) interpolat-
ing two vertices is symmetric so that the unit normal vec-
tor at p is the same asN and f ′(0) = 0. Hence, the first
and second derivatives of the parabola at the vertexp are
g′(0) = (1,0),g′′(0) = (0, f ′′(0)). Therefore, we can com-
pute the curvature of the curve at the vertexp as follows:

κg(0) =
||g′′(0)×g′(0)||

||g′(0)||3
= || f ′′(0)||.

In order to compute the second derivative off (t), we use the
taylor series off (t). Becausef (t)is a quadratic function, the
form is as follows:

f (t) = f (0)+ f ′(0)t +
f ′′(0)

2
t2

,

f ′′(0) =
2( f (t)− f (0))

t2 =
2hm

v2
m

.

Therefore, the symmetric parabora-based discrete curvature
is the same as the curvature of the curveg(t):

κg(0) =
||g′′(0)×g′(0)||

||g′(0)||3
= || f ′′(0)|| = κSP(p).

The differences of C-discrete curvature and SP-discrete
curvature are shown in Table 2. It includes the formulae of
curvatures, the parameters of the curves in the Taylor series,
the trajectory of points with the constant curvature, the range
of curvature values, and the comparison of their magnitudes.

5. Conclusion

The analysis on the local properties of 3D meshes plays an
important role in the applications such as morphing, sim-
plification, smoothing. In special, the curvature at a point
on a surface may represent the shape of its neighborhood.
However, there is an exact definition of the curvature at a
vertex. So, one have to approximate the value as a discrete

curvature. The common previous method compute directly
the sectional curvatures for each one-ring neighbor, and then
derive the gaussian curvature and the mean curvature using
the sectional curvatures. All of them utilize the circle-based
discrete curvature to compute the sectional curvature. In this
paper, we find out a fatal mistake and propose the parabola-
based discrete curvature estimation to resolve the problem.
Our method may be the basis of normal vector estimation
and segmentation of meshes.
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