


assuming wlog., that Ly > Lg. Let us denote the three
terms in the last expression by Jy, J, J3, respectively.
By Lemma 7 the difference between Ly and Lt is at
most 276. This fact together with the observation that
the assumption o € I(Q) implies ||3(t)]| < 4% can be
used to show that

J2 < w6 and J3 < 6. (2)
In order to get an upper bound for J;, we show
Claim: ||a(t) — B(t)|]| < (2x+3) -6 for all ¢ € [0, Lg]

Proof: For a fixed t € [0, Lg) consider the curve seg-
ments from a(0) to a(t) of R and from B(0) to

B(t) of T and close them by line segments £r and
Ly (see Figure 7).

One checks that the resulting curves R',T’ have
Hausdorff-distance < 6, therefore by Lemma 7 a)

ILRI — LTII S 276 (3)
Now, if b is the arc-length of T from 8(0) to B(t), then

Lw Ly = lt+ta—b—tr]  (4)
> [t—bl-|ta —tr]

Since |€gr — 7| < 28, we have by (3) and (4):
It — b < (27 +2)5

On the other hand since b is the arc-length of T" be-
tween 3(0) and 3(t) and ¢ the arc-length of T between

80) (= B(0)) andp(z), we have

1B -pol < k-b
So (180 - ol < 118(®) - B+ 152) - (o)
< (@r+2)646

and the claim follows.
Clearly, the claim implies that J; < (27 + 3)§, so
altogether we have

d(Sp, Sr@)) < (47 + 3)é

which finishes the proof of Lemma, 4. 0

Like in the case of problem P2 let T be an isometry
which gives a minimal Hausdorff-distance among the
ones mapping Sg onto Sp. With the same argument as
for P2 we have, applying Lemma 4:

sa(P,1(Q)) < (47 + 4)8;

where & is the optimal solution, i.e. I is a pseudo-
optimal solution. It can be found by translating Q such
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that Sp is mapped onto Sp and then rotating the im-
age of () around Sp. The angle of rotation, which gives
the optimal solution I can be determined by a tech-
nique analogous to the one used for solving problem P1.
The runtime is also bounded by O (Ass(pq) log(pg)), and
since Sp and S can be found in linear time this bounds
also the runtime of the whole algorithm.

The constant of 47+4 = 17 may seem quite large, but

with the following idea (cf. [S]) it can be reduced to any
fixed constant ¢ > 1 without increasing the asympotic
runtime:
We know by Lemma 4 that the optimal isometry I maps
Sgq into the (47 + 4)é-neighborhood U of Sp. We place
onto U a sufficiently small grid so that no point in U
has distance greater than (¢ — 1)§ from a gridpoint.
Since ¢ is fixed, there are constantly many gridpoints
within U. We place Sg instead of onto Sp only, onto
each one of these gridpoints and proceed as described
before. It follows from the previous discussion that for
the solution I found this way it holds:

8u(P, I(a)) < cé.

6 Conclusion

We summarize the results of this paper in

Theorem 8 The different versions of the problem of
measuring the resemblance between polygons P,Q with
P, q vertices respectively, can be solved within the follow-
ing ttme bounds:

Optimal Pseudooptimal
PO || O((p + ¢)log(p + ¢)) —
P1 || O(Xss(pq)log(pq)) O((p+ q) log(p + ¢))
P2 || O((pg)*(p+ q)log(p + q)) | O((p + q) log(p + 9))
P3 || O((p9)*(p + 9)log(p + 9)) | O(Aes(pq) log(pq))

It should be noted that although the algorithms are
formulated for simple polygons they work for more gen-
eral structures like polygonal chains, in fact, for arbi-
trary sets of nonintersecting line segments.
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